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Abstract 

We introduce the domain structure for stationary black hole space-times. Given a set of com- 
muting Killing vector fields of the space-time the domain structure lives on the submanifold 
where at least one of the Killing vector fields have zero norm. Depending on which Killing 
vector field has zero norm the submanifold is naturally divided into domains. A domain corre- 
sponds either to a set of fixed points of a spatial symmetry or to a Killing horizon, depending 
on whether the characterizing Killing vector field is space-like or time-like near the domain. 
The domain structure provides invariants of the space-time, both topological and geometrical. 
It is defined for any space-time dimension and any number of commuting Killing vector fields. 
We examine the domain structure for asymptotically flat space-times and find a canonical 
form for the metric of such space-times. The domain structure generalizes the rod structure 
introduced for space-times with D — 2 commuting Killing vector fields. We analyze in detail 
the domain structure for Minkowski space, the Schwarzschild-Tangherlini black hole and the 
Myers-Perry black hole in six and seven dimensions. Finally we consider the possible domain 
structures for asymptotically flat black holes in six and seven dimensions. 
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It has been realized in recent years that the dynamics of black holes in dimension D > 5 is 
much richer than in four dimensions. In four dimensions the famous uniqueness theorems [1] 
state that given the asymptotic charges, i.e. the mass, angular momentum and the electric and 
magnetic charges, there is at most one available black hole solution, namely the Kerr-Newman 
solution. In dimensions D > 5 there are instead a number of available solutions given the 
asymptotic charges, as first realized with the discovery of the black ring in five dimensions 
[2]. This naturally brings up the question of whether one can find a general set of invariants, 
in addition to the asymptotic charges, that characterize a black hole space-time for D > 5. 

In this paper we propose a set of invariants given a stationary black hole space-time with 
any number of space-time dimensions and any number of commuting Killing vector fields. We 
call this set of invariants the domain structure. The domain structure lives on the submanifold 
where at least one of the Killing vector fields have zero norm. Depending on which Killing 
vector field has zero norm the submanifold is naturally divided into domains. A domain 
corresponds either to a set of fixed points of a spatial symmetry or to a Killing horizon. 
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depending on whether the characterizing Kilhng vector field is space-Hke or time-Hke near the 
domain. 

The domain structure generahzes the so-called rod structure proposed in p| as the set of 
invariants characterizing asymptotically flat black holes in five dimensions which are solutions 
of vacuum Einstein equations and possess two rotational Killing vector fields. For this class 
of solutions the submanifold for which at least one of the Killing vector fields have zero 
norm can in certain canonical coordinates be seen as a line. This line is then divided into 
intervals called rods according to which Killing vector field has a zero norm. Such rods of 
five- dimensional black holes was first considered for generalized Weyl solutions in |4J. The 
proposal of [3] that the rod structure provides a characterization of asymptotically flat black 
holes in five dimensions which are solutions of vacuum Einstein equations and possess two 
rotational Killing vector fields is supported by the uniqueness theorem of [5] which states that 
a black hole space-time with a single event horizon is unique given the rod structure and the 
asymptotic charges. 

The domain structure provides in particular a generalization of the rod structure for the 
case of five-dimensional black hole space-times with two rotational Killing vector fields (and 
more generally solutions with D — 2 commuting linearly independent Killing vector fields) 
since in the approach of this paper we can analyze solutions with matter fields such as gauge 
fields and scalar fields. This overlaps with previous generalizations of the rod structure [6]. 
We reproduce furthermore the constraints on the rod structure derived in ^ . 

The domain structure provides invariants of the black hole space-time, both topological 
and geometrical. It reveals certain aspects of the global structure of the black hole space- 
time. In particular one can read off the topology of the event horizon(s). It can also help in 
exploring what black hole space-times are possible. The more commuting Killing vector fields 
one has, the more invariants one obtains and the more constraints one finds on the possible 
black hole space-times. In terms of topology of the event horizon the topological censorship 
theorem says that it should be of positive Yamabe type (i.e. it must admit a metric of positive 
curvature) [7]. If we have more than just the Killing vector field associated with stationarity 
of the space-time we can give further restrictions on the topology. Thus, not only we can 
provide invariants to characterize the space-time, we can also use the domain structure to 
provide limitations on what types of black holes are possible. In addition to the topological 
invariants the geometrical invariants which measures the volumes of each domain can be used 
as a further characterization of the space-time. 

We will always assume that our black hole space-time is stationary, i.e. it has a Killing 
vector field which is time-like far away from the event horizon(s). If this is the only Killing 
vector field the domain structure invariants will coincide with the previously known topological 
data and physical parameters of the black hole space-time. For example, the domain structure 
will give the topology and the area of the event horizon(s). Given any number of additional 
(asymptotically spatial) commuting Killing vector fields one finds new invariants of the black 
hole space-time. For asymptotically flat space-times the existence of at least one rotational 
Killing vector field is guaranteed by the rigidity theorems of [8]. 

We assume in this paper that the black hole space-times are either asymptotically flat or 
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asymptotically Kaluza-Klein space (here defined as a (D — (7)-dimensional Minkowski space 
times a g-dimensional torus). Under this assumption we can find a canonical form of the 
metric which is used to define the domain structure. However, the general analysis of this 
paper can also work for space-times with other asymptotics, such as asymptotically Anti-de 
Sitter space-times. We save this generalization for a future publication [9]. 

More concretely the paper is built up as follows. In Section [2] we find a canonical form 
of the metric for all asymptotically flat black hole space-times and all space-times which are 
asymptotically Kaluza-Klein space. 

In Section [3] we deflne the domain structure for black hole space-times. We analyze the 
structure of the kernel of the metric on the commuting Killing vector fields and how this gives 
rise to a hierarchy of submanifolds. We find that the submanifold corresponding to the zero 
norm Killing vector fields is naturally divided into domains and use this to define the domain 
structure. We end with considering the special case of -D — 2 commuting Killing vector fields 
where we obtain the rod structure now for a more general class of solutions. 

In Sections m and [5] we analyze the Minkowski space, the Schwarzschild-Tangherlini black 
hole and the Myers-Perry black hole [TD] in six and seven dimensions. These space-times all 
possess D — 3 commuting Killing vector fields. We find coordinates such that the metric is put 
in a canonical form. Using these coordinates we find the domain structure of the space-times. 

Finally we consider in Section [6] which domain structures are possible for asymptotically 
flat black hole space-times in six and seven dimensions with D — 3 commuting Killing vector 
flelds. Here we analyze in particular the domain structures for the new types of black holes 
found recently using the Blackfold approach [TTl [12] . We also consider the static numerical 
solutions recently found in |13| . 

We end in Section [7] with discussing the implications of the results of this paper and what 
new directions we can take. In particular we discuss whether the domain structure along 
with the asymptotic charges give enough invariants to fully characterize an asymptotically 
flat black hole space-time. In line with this we conjecture a uniqueness theorem for a certain 
class of black hole space-times. 

2 Canonical form of metric 

We consider in the following a given D-dimensional space-time with p commuting linearly 
independent Killing vector fields. In detail we are given a D-dimensional manifold Md with 
a Lorentzian signature metric with p commuting linearly independent Killing vector fields V(j), 
i = 0,1, ...,p — 1. The Killing vector fields are such that they generate the isometry group 
M X U{1)'^~^. In particular the p — 1 U{1) symmetries are generated by the p — 1 space- like 
Killing vector fields V(j), i = l,...,p — 1, while the Killing vector field V(o) generates the M 
isometry. In the following we present the canonical form of the metric for such a space-time. 

2.1 Preliminaries 

As stated above we are given a i^-dimensional space-time Md with p commuting linearly 
independent Killing vector fields V(j), i = 0,1, ...,p — 1. Define n = D — p. We can always find 
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a coordinate system x ,x 



1 



X' 



such that 




_d_ 

dx^ 



(2.1) 



for i = 0, 1, ...,p — 1. We then write the metric as 



ds^ = Gi,{dx' + Aldy''){dx^ + Aidy') + Qabdy^dy' 



h 



(2.2) 



with i, j = 0, 1, — 1 and a, 6 = 1, n, and where Gjj, A\ and ^af, only depend on y'^. In 
Appendix |A] we compute the Ricci tensor for the metric (|2.2p . 

The goal of this paper is to understand the structure of the kernel of the metric Gij on 
the commuting Killing vector fields for black hole space-times. If we have a point q for which 
the kernel ker G{q) is non-trivial it means that there exists (at least one) Killing vector field 
W , which is a (non-zero) linear combination of V(j), i = 0, 1, ...,p — 1, such that G{q)W = 0. 
Equivalently, one can say that the norm of W , as measured with the metric Gjj, is zero at q. 
Thus, the submanifold where at least one linear combination of the Killing vector fields V(j) 
has zero norm corresponds to the points where the kernel ker G is non-trivial. 

It is clear from this that whenever we have a point q for which ker G{q) is non-trivial we 
have that det G{q) = 0. We therefore use the function det G on the space-time to define one 
of the coordinates in our canonical form for the metric. 

Define now the n-dimensional manifold Nn as the quotient space Mb I ~ where the 
equivalence relation ~ is such that two points va. Md are equivalent if they can be connected 
by an integral curve of a linear combination of the Killing vector fields V(j), i = 0, l,...,p — 1. 
This is known as the orhit space of the space-time since each point in Mn corresponds to an 
orbit of the M x U{1)'p~^ symmetry of the commuting Killing vector fields. The n-dimensional 
manifold Mn is naturally equipped with the n-dimensional part of the metric (j2.2p 



where we sum over a,b = 1, 2, n. 

On the n-dimensional manifold Mn the fields A^^, i = 0,1, ...,p — 1, can be thought of as 
components of p U{1) gauge fields. Consider the coordinate transformation — > — a^^y"") 
with kept fixed. Under this coordinate transformation the Killing vectors are still of 
the form ()2.ip and for the metric ()2.2|) Gij and gab stays the same while transforms as 
Al^ ^ Al^ + da^/dy"". We see that this is a gauge transformation of the U{1) gauge field 



In the following we would like to define new coordinates on the n-dimensional manifold 
Mn with metric (j2.3p suitable for examining the kernel of the metric Gij on the commuting 



for a positive real number m. We see then that the kernel of Gij corresponds to r = 0. We 
assume that {dr/dy^, ...,dr/dy'^) 7^ on Mn up to a subspace of n-volume zero. Define now 
the vector field x = x°'d/dy"' on Mn by = g'^^ {dr / dy^) . Define the equivalence relation ~ 



dsi = Qabdy^dy^ 



(2.3) 



A' = A'Jy". 



Killing vector fields V(j). To this end, define the function r(y") on Mn as 




(2.4) 
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on Nn such that two points are equivalent if they are connected by an integral curve of x- 
We can then consider the quotient space Nn/ ~, which is an {n — l)-dimensional manifold. 
Consider coordinates , z'^~^ on J\fn/ ~- We can extend these coordinates to functions 
on Nn- We see then that z'^ is constant on the integral curves of x = 1,2,..., n — 1). 
Therefore, x"'{dz"' /dy"') = 0. Clearly r, z^, z"'~^ is a coordinate system on A^n and g'"^"' = 0, 
a = 1,2, ...,n — 1. We can thus write the metric on Nn as 

n-l 

dsl = e^^dr^ + Kpdz'^dz'^ (2.5) 

a,/3=l 

where A{r,z°') and hap{r,z'^) are functions. 

2.2 Canonical form for particular class of metrics 

Before treating the general class of metrics we first consider a special class of metrics. This 
class consists of metrics solving the vacuum Einstein equations ii^j/ = 0. For a metric of 
the form (j2.2p these equations can be written as (jA.4p - ()A.6p in Appendix |X1 We demand in 
addition that the p Killing vector fields are such that 

^(oT^(i) • • • = all ^ = 0' 1' -^P - 1 (2-6) 

Among the space-times in this class is D-dimensional Minkowski space, which in addition 
to the time-translation Killing vector field has [{D — l)/2] rotational Killing vector fields so 
that we can take p<l + [{D - l)/2]0 Also the Kaluza-Klein space M}''^'^'"' x is in this 
class with p<l+q+[{D -q- l)/2]. 

By Theorem lA.ll of Appendix [X] the condition (j2.6p means we can write the metric as 

ds"^ = Gijdx'dx^ + gabdy^-dy^ (2.7) 

where we sum over i,j = 0,l,...,p — 1 and a,b = 1,2, ...,n {i.e. we have D = p + n) and 
where V(j) = d/dx^, i = 0,1,.. .,p — 1. We see that this corresponds to the metric (|2.2p 
with Ai = 0. If we take the trace of Eq. (TO]) (with A^^ = 0) we get ^a{^/gg''''^br"') = 
where r(y") is defined in ()2.4|) . In the (r, z") coordinate system introduced in Section [2. II this 
gives —drA + dr log det Aq,^ + (m — l)/r = 0. We see that it is natural to choose m = 1. 
Furthermore, we define u = {n — 1)A and Aq,^ = exp(^^^)AQ,^. With this the trace equation 
da{\/gg'^^dhr'^) = becomes 

dr\ = , A = ^1 det Aa/3| (2.8) 

One can show that D-dimensional Minkowski space M^'^^^ and also the Kaluza-Klein space 
]^i,_D-i-q ^ rpq g^jjj^j^ -,a coordinates such that A = 1. We show this explicitly for six and 
seven dimensional Minkowski space in Sections [4] and [5l Since for this particular class of 
metrics we are only interested in asymptotically flat solutions, or solutions that asymptote to 

^Of course D-dimensional Minkowski space has D commuting Killing vector fields but since our purpose 
here is to study black hole space-times we are only interested in the rotational and the time-translation Killing 
vector fields since these are the only ones that can be shared by asymptotically fiat black hole solutions. 
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Kaluza-Klein space, we can demand without loss of generality that A ^ 1 for r — > oo with 
fixed. Hence from (j2.8p it follows that A = 1 everywhere. 

In conclusion, we get that for any D-dimensional space-time solving the vacuum Einstein 
equations with p commuting linearly independent Killing vector fields obeying (12. 6p the metric 
can be put in the form 

ds'^ = Gijdx'dx^ + e2("-i)^dr2 + e'^" Kpdz"" dz^^ , = | det Gij\ , A = 1 (2.9) 

with the Killing vector fields given by ()2.ip . We call (|2.9p the canonical form of the metric 
for this class of space-times. 

2.3 Canonical form for general class of metrics 

We now treat the general case. Thus, we consider here D-dimensional space-times with p 
commuting linearly independent Killing vector fields V(j), i = 0,1, ■■.,p — 1. The Killing vector 
fields are such that they generate the isometry group M x U{1)^~^. 

Asymptotic flatness or Kaluza-Klein space asymptotics 

Prom Section 12.11 we have that we can write the metric as in Eq. (j2.2p . The Mn part of the 
metric can furthermore be written as in Eq. (j2.5p with r defined in ()2.4p . Choosing m = 1 
and defining = {n — 1)A and A^/s = exp(^^)A„^ we see that the metric on Mn takes 
the form e'^^'^^^^'^ dr"^ + e^^ Kapdz^ dz^^ with = |detGjj|. Assuming furthermore that the 
space-time which we are considering asymptote to either D-dimensional Minkowski space or 
Kaluza-Klein space M^'^^^^"? x T'^ we can demand that A — > 1 for r oo. Thus, we can write 
the metric in the form 

ds^ = GiAdx' + A'){dx^ + A^) + e^^'^-^^dr^ + e^" Kadz'' dzl^ 

r = I det Gij \ , A — > 1 for r — > oo 

with the Killing vector fields given by (j2.ip and A = y^jdetA^i^- We call (12.101) the canonical 
form of the metric for solutions asymptoting to D-dimensional Minkowski space or Kaluza- 
Klein space Ri'-^-i-^x T"?. This is a generalization of the form ()2.9p for solutions of the vacuum 
Einstein equations obeying the condition (j2.6p . Instead here we can consider solutions which 
couples to any type of matter fields, such as gauge fields or scalar fields, since we do not use 
Einstein equations in getting the metric ()2.10p . 

If we consider transforming from the coordinates y"" in (j2.2p to two different coordinate 
systems (r, z") and (r, 5") both making the metric to be of the canonical form (j2.10p we 
immediately see from = | det Gij\ that r{y'^) = f{y°') and hence y{y°') = ^'(y"). Considering 
now the transformation from (r, z") to (f, z") we see that f(r, z") = r. In general we can 
write 5"(r, z^^). However, since g'^^" = we have that g"^^" = e~'^^^~^^'^ {dz°' / dr) . Therefore 
cannot depend on r so the most general transformation is z"{z^). Imposing furthermore that 
A ^ 1 for r ^ oo we get that the only left over coordinate transformations in the canonical 
form (j2.10p are (n — l)-voJume preserving diffeomorphisms of the z" coordinates (apart from 
rigid rotations of the x^ coordinates and the gauge transformations of A^). 
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Other types of asymptotics 



We can generalize the above to include metrics which are not asymptotically Minkowski space 
or Kaluza-Klein space. In general we imagine having a background space-time that a 

given class of space-times asymptotes to. For this background space-time we can now find a 
function Ao(?', -z") such that A/Aq ^ 1 for r ^ oo. So for any space-time which asymptotes 
to we can write the metric on the form 



In this way we can for example treat asymptotically Anti-de Sitter space-times. This will 
be considered in detail elsewhere [9]. For asymptotically de Sitter space-times the analysis 
proceeds differently since the asymptotic region includes the cosmological horizon for which 
r = [9]. 

3 Domain structure 

In this section we introduce the domain structure for black hole space-times. We focus here on 
asymptotically flat space-times and asymptotically Kaluza-Klein space-times. This means the 
metric can be put in the canonical form (j2.10p . The analysis is straightforwardly generalizable 
to other classes of space-times as well. 

We consider in the following a Z)-dimensional manifold Md with a Lorentzian signature 
metric with p commuting linearly independent Killing vector fields V(j), i = 0,1, ...,p — 1. 
The Killing vector fields are such that they generate the isometry group M x U{1)^^^. In 
particular the p—1 U{1) symmetries are generated by the p—1 space-like Killing vector fields 
Vj-j), i = 1, ...,p — 1, while the Killing vector field V(o) generates the M isometry. 

For purposes of our analysis we assume below that the following two regularity conditions 
on the metric (|2.10p are obeyed: The A^^ fields and the scalar fields V^^V^j^Rf^u do not go to 
infinity for r ^ 0. 

This Section is built up as follows. In Section 13.11 we consider the flow of the p Killing 
vector fields. In Section 13.21 we examine how the kernel of the Killing metric gives rise to 
a natural hierarchy of submanifolds of Mn ■ In Section 13.31 we define the domains and their 
directions and use this to define the domain structure. Finally in Section [3.41 we discuss the 
reduction of the domain structure to the rod structure in the special case of n = 2. 

The analysis of this section builds on generalizations of methods used in Refs. [3] and [5]. 

3.1 The flow of the Kifling vector fields 

Before considering the form of the metric we consider here the flow of the Killing vector flelds. 
This will be of importance for the analysis below. We deflne the flow of V(j) as 




(2.11) 




...,y^) = {x',...,x' + s,.... 



X' 




(3.1) 
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for i = 0,1, ...,p — l. For i = 1,2, ...,p — l the Killing vector field V(j) generates a U{1) isometry 
hence the flow is periodic. We normalize the periods of the flows with i = 1,2, ...,p — 1 to be 
2tt. Note that for i = 1,2, ...,p — 1 the Killing vector fields V(j) can not be time-like anywhere 
since then one would have closed time- like curves. 

The set of Killing vector fields V(j), i = 0,1, ...,p — 1, corresponds to a particular choice 
of basis. We are not entirely free to choose any basis. Consider the space-like Killing vectors 
V(j), i = 1, ...,p — 1. A new basis W(^i), i = 1, — 1 is in general a linear combination 

p-i 

^« = E^^^% (3.2) 

Considering in particular W^(i) this generates the flow 

as{x^,x\x^,....,xP-\y\...,f') = {x\x^+Uiis,x^+Ui2S, ....,x^-^+Ui^p-is,y\ ...,y^) (3.3) 

We want to generate a ?7(1) isometry and we choose the period of the flow to be 2it. 
Prom (j3.3p we see this means that the Uu entries should be relatively prime numbers. Thus 
we get the general requirement that U G GL{p — 1,Z) and that the rows of U should be 
relatively primes. 

3.2 Submanifolds and the kernel of G 

In the following we would like to examine the structure of the kernel ker G of the metric Gij 
on the commuting Killing vector fields V(j) . As stated above, if we have a point q for which 
the kernel ker G is non-trivial then det G = at q. We define therefore the set 

B = {q(^ Mn\ det G{q) = 0} (3.4) 

This is a codimension one hypersurface in Nn, i-e- it is an (n — l)-dimensional submanifold. 
As we shall see in the following this can be seen as part of the boundary of the manifold Afn- 
Note that B need not be a connected set (see examples in Section [6]) . In the canonical form 
for the metric (j2.10p B is the set of points with r = 0. In this coordinate system we can 
naturally equip B with the metric^] 

dsl = Ao,/3\r=odz"'dz'^ (3.5) 

In the following we discuss for a given point q & B the Killing vector fields v £ kerG(g). 
We distinguish between Killing vector fields v which are space-like (time-like) near q, meaning 
that there exists a neighborhood O of q with respect to the manifold Mn such that f ^ > 
(u^ < 0) for any point in O — B. 

Define now the sets 

Qk = {qeMn\ dim ker G{q) > k} (3.6) 

for k € {0, 1, ■■■,p}. Clearly Qo = Mn and Qi = B. We examine now the properties of the 
sets Qk- 



^Note that for space-times solving the vacuum Einstein equations and obeying (|2.6|l this metric has deter- 
minant A = 1. 
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Theorem 3.1 Consider a point q G Qk — Qk+i- Then Qk is a codimension k submanifold of 
Nn in a neighborhood of q. 

Proof: Since q G Qk — Qk+i we have k linearly independent Killing vectors fields G ker G, 
i = 1,2, ...,k. We can always assume that at most one of these Killing vectors are time-like 
near q. If there were two of them which are time-like near q it follows from the fact that 
V(i), V(p_i) are space-like everywhere outside B that we can form a linear combination of 
the two Killing vectors which is space-like near q. 

Assume first that all of these Killing vector fields are space-like near q. Then in order to 
avoid a conical singularity each of these Killing vector fields should generate a U{1) isometry 
(see Section \3.1\ for conditions on this, in particular one can infer from here that the k Killing 
vector fields are everywhere space-like). We can now find Riemannian Normal Coordinates 
n^,n^, ...,n^~^ in a neighborhood of q such that at q the D-dimensional metric is ds"^ = 
rj^ydn^^dn'^ , the first derivatives of the metric at q in this coordinate system are zero, and such 
that the k Killing vectors can be written as% 

W^,)=n'^^-n'^+'^ , ^ = l,2,...,k (3.7) 

That is, W(^i^ is the rotational Killing vector field in the plane (n^*, n^*"'"^). Consider now the 
radii pi = \J (n^*)^ + (n2*+^)2, z = 1, 2, k. First we observe that putting any of the pi > 
we have dimkerG < k. Secondly, for any point in the neighborhood of q we see that if pi = 
for all i = 1,2, k then we are in Qk- Therefore we have shown that Qk = {q' G Mn\pi{q') = 
Vi = 1,2, in a neighborhood of q. Thus, we conclude that Qk is a codimension k 

submanifold of Mn in a neighborhood of q. 

Assume now that VF(A;) is time-like near q while VF(fc_i) all are space-like near q. 

Then VF(fc) generates M while generate U{1) for i = 1,2,..., k — 1. We can now find 
Riemannian Normal Coordinates , ...,n^~^ in a neighborhood of q such that at q the 

D-dimensional metric is ds"^ = r]^,jdn^dn^ , the first derivatives of the metric at q in this 
coordinate system are zero, and such that the k Killing vectors can be written as 

«'«="°^ + "'s^ ■ »-(.) = "^•a;^-""^^^ . .= 1.2,....«.-1 (3.8) 



As in the other case we have the radii pi = a/ (n^*)^ + (n2*+i)2^ i = 1^2,. ..,k — 1. We see 
that W(^k) '^s the time-like Killing vector field in the Rindler space given by the coordinates 
{nP,n^). We can therefore define the distance from the horizon in Rindler space as p^ = 
■sJ (n^)2 — (n'^)2. Proceeding with the argument the same way as above we see that Q^ = {(?' G 
MrisPiisi^ = Vi = 1,2, in a neighborhood of q and hence that Qk is a codimension k 

submanifold of Mn in a neighborhood of q. □ 

Prom this theorem we can infer the fohowing corollary: 

Corollary 3.2 Consider a point q G Qk+i — Qk+2- Then Qk+i is a codimension one sub- 
manifold of Qk in a neighborhood of q. □ 

We conclude from the above analysis that the structure of ker G naturally give rise to a 
hierarchy of submanifolds Qk. 



similar construction appeared in 
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3.3 Domains and their directions 



Suppose now that we consider a point q G B — Q2. Let furthermore D C B — Q2 he the 
maximally possible connected set containing q. Write the coordinates for the point q as 
(r,z") = (0,2;"). Since dimker G{q) = 1 we can find a Killing vector field W £ ]ieiG{q). 

Suppose is a space-like Killing vector field near q. In the following we aim to show that 
the linear space kerG is constant over D, i.e. that W S kerG(g') for any point q' £ D. 

One way to show the constancy of kerG over D is as follows [3]. We first observe that 
we can rigidly rotate Gij such that W = d/dx^. For r — > and — > we then have 
Gil = + 0{r^) with c a constant, and the entries of Gij with 7^ 1 approaching 
a constant. In order for the space-time to be regular near q we need that Qrr = e^*^"'"^-*'^ 
approaches a non-zero constant. We write this as — > c' for r — > and z". We also 

need that ^ for r ^ and — > z". The metric (j2.10p thus approaches 

ds^ = c^r^dx^f + e2("-i)^'dr2 + ^ Gij\q {dx' + A'){dx^ + A^) + e^'' AafsU dz^dz^ (3.9) 

for r — > and z" ^ z^. Consider now the Rij part of the Ricci tensor (jA.lh . From requiring 
regularity we have that Rij = V^-jV^js^R/j^u should be finite for r — > 0. Examining now Ra for 
« / 1 one finds that g"'^daGudbGu ^ for r ^ and z"' ^ z^. This gives that daGu = in 
q. Picking now any other point in D we can do the same. Since D is connected this means 
that W = d/dx^ is in ker G everywhere in D. Undoing the rigid rotation we have shown that 
if G kerG(g) then W £ kerG{q') for any point q' £ D. 

Another way to show the constancy of ker G over D is to employ the fact that to have a 
regular metric at q we need that W generates a isometry [5]. Otherwise we get a conical 
singularity. This means we have 

W = Y.qiV(^i) (3.10) 

i=l 

where the g^'s are rational numbers. Since the norm of W is not significant we can choose to 
restrict the (^j's to be relatively prime numbers. Now, for every point oi q' £ D we have an 
eigenvector Wqi £ kerG((7'). But since Wqi should vary continuously over D we see that one 
necessarily must have that Wqi = W. Thus we can conclude that W £ ker G everywhere in 
D hence kerG is constant over D. 

Suppose instead Pl^ is a time-like Killing vector field near q. Making a rigid rotation of Gij 
we can put W = d/dx^. For the space-time to be regular near p the metric should approach 

ds"^ = -c^r\dxy + e2("-i)^'(ir2 + ^ Gij\q {dx' + A'){dx^ + A^) + e^"' K(3\q dz^dzf^ (3.11) 

for r — > and z" where c and d are constants. Just as above one can examine Ra for 

i 7^ using (jA.ip and find that daGoi = in p. Since p is any point in D this means that 
W = d/dx^ £ kerG everywhere in D. 

It follows furthermore from the fact that W = d/dx^ £ kerG everywhere in D and the 
near-g metric (j3.1ip that for r ^ and z°' with (0,z") £ D the metric approaches 
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a Rindler space-time times a regular space of Euclidean signature. Therefore Z? is a Killing 
horizon of the Killing vector field W = d/ dx^ . 

We have thus shown above that the vectors in ker G are constant in the connected pieces 
of B — Q2. With this, we can make the following definition: 

Definition 3.3 Let q G B — Q2 and let W S ]se,xG{q). A domain D containing q is the 
maximal connected set in B such that q G D and such that for any point q' £ D we have 
W e kerG(g')- □ 

We can now consider all the distinct domains of B, write them as Di, ...,D]\f. Clearly we 
have Di D Dj C Q2- From Corollarv 13 . 2 1 we have that Q2 can be seen locally as a submanifold 
of B of codimension one. This means that for q £ Q2 any neighborhood oi qva. B will contain 
points in B — Q2. This shows that the domains of B contains all points in Q2- Thus we can 
write B = I?! U 1)2 U • • • U D^- 

We have now shown the following theorem: 

Theorem 3.4 Let Di, ...,Dn be the domains of B. We have that B = Di U D2 L) ■ ■ ■ U D^. 

For each domain Dm we can find a Killing vector field Wm such that Wm G ker G for all 
points in Dm- We call Wm the direction of the domain Dm- IfWm is space-like for r ^ we 
can write it in the form 

p-i 

Wm = Y.q^V^,) (3.12) 

i=l 

where the qi 's are relatively prime numbers- Then Wm generates a U{1) isometry and the 
generated flow has period 2tt. In this case we say that the direction Wm is space-like. 
If Wm is time-like for r ^ we can write it in the form 

p-i 

VF™ = y(o)+5^aV(,) (3.13) 

1=1 

and the domain Dm is a Killing horizon for the Killing vector field Wm- In this case we say 
that the direction Wm is time-like- □ 

Prom Theorem 13.41 we can now define the domain structure of a solution: 

Definition 3.5 The domain structure of a solution is defined as the split-up of B in domains 
B = Di U D2 U ■ ■ ■ U Dj\f up to volume preserving diffeomorphisms, along with the directions 
Wm, rn = 1,2, N, of the domains- 

Our results above show that the domain structure of a given solution gives invariants of the 
solution (up to rigid transformations of the Killing vector fields as discussed in Section [XT]) . 
In particular we have shown in Section [2.31 that the only left over coordinate transformations 
in the (r, z") coordinates are volume-preserving diffeomorphisms of the coordinates. 

Since the domain structure of a solution gives invariants of the solution it can characterize 
the solution. That is, it gives invariants that can help in distinguishing different solutions, 
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and it can furthermore provide information about the nature of the difference. A particular 
set of invariants derived from the domain structure consists of the volumes of the domains 
with respect to the metric (I3.5p . We call these invariants geometrical since they define in a 
coordinate-invariant way sizes of well-defined regions of the space-time as measured with the 
metric of the space-time. 

In Section [7] we discuss for which type of solutions we can expect the domain structure to 
give a full characterization. We conjecture a uniqueness theorem for this type of solutions. 
We also discuss what extra information one has to add beyond the domain structure to give 
a full characterization of solutions coupled to gauge fields. 

3.4 Reduction to the rod structure for n = 2 

We consider here the special case n = 2, i.e. with p = D — 2 Killing vector fields. This is the 
case studied in [3l [5l [6] . 

Solutions of vacuum Einstein equations 

We consider first solutions of vacuum Einstein equations with p = D — 2 commuting Killing 
vector fields. By theorem I A. 31 this means (under mild assumptions) that we can put the metric 
in the canonical form (j2.9p which in this case reduces to 

ds'^ = Gijdx'dx^ + e^^idr^ + dz^) , = \ det Gij\ (3.14) 

which is the canonical form of the metric found in Assuming M2 is simply connected 
we have B = M, i.e. it is the z-axis for r = 0. Let Di,...,Di^ be the domains of B with 
directions Wi, ...,Wm ■ Then each domain corresponds to an interval of the z-axis. Thus, 
in the nomenclature of [3j each domain corresponds to a rod. Furthermore the direction 
of the rod is simply the direction of the domain. We also see that the volume preserving 
diffeomorphisms mentioned in Definition 13.51 here simply are the translations. The fact that 
the volumes of the domains are invariants corresponds to the statement that the lengths of 
the rods are invariants. 

We thus regain the rod structure of [3j. We found moreover that the directions of the 
space-like rods can be written as (|3.12p with the qi being relatively prime numbers. This 
constraint has previously been found in [5]. 

General case 

For the more general case of asymptotically fiat or asymptotically Kaluza-Klein space solutions 
with n = 2 we get from (|2.1Up that the canonical form of the metric is 

ds^ = GiAdx' + A'Mdx^ + m + e^^dr"^ + A^dz^) , = I det 

(3.15) 

A ^ 1 for r ^ 00 

This is more general than the form found in [3l O [6] since here we are not specific on what 
kinds of matter fields appear in the solution. Other than that the domains/rods are again 
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intervals on the z-axis defined by r = 0. The lengths of the domains/rods are measured by 
the metric 

ds^ = \\=Qdz^ (3.16) 

These lengths are invariants of the black hole space-time. The domain/rod structure is de- 
fined up to translations. We have thus defined the rod structure for any asymptotically flat 
or asymptotically Kaluza-Klein black hole space-time with p = D — 2 commuting Killing 
vector fields. We can furthermore extend the rod structure to include non- asymptotically flat 
solutions [9j. 

4 Domain structure of six dimensional black holes 

In this section we analyze the known asymptotically flat six-dimensional exact solutions of the 
vacuum Einstein equations. These are the Minkowski space, the Schwarzschild-Tangherlini 
black hole and the Myers-Perry black hole. They all have three Killing vector fields, which is 
the maximally possible number in six dimensions. In addition the Killing vector fields obey 
the condition (|2.6p . This means that the metrics can be put in the canonical form (j2.9p with 
p = n = 3. 

Minkovi^ski space 

The metric of six-dimensional Minkowski space is 

ds2 ^ ^ ^ p^(^^ld<j)\ + iild^l + d9^ + cos^ edip^) (4.1) 

with 

Hi = sinO , fi2 = cos^sin-;/' , fi^ = cos cos ^/^ (4.2) 
and with the coordinate ranges < 9 < tt/2 and < ^ < vr. From (j2.9p we see 

r = = /O^ sin cos ^ sin = -p^ sin (20) sin -0 (4.3) 

Using this we get e~^'^ = [ sin^ ip + sin^ 9 cos^ V] • In order to fit in the canonical form (j2.9p 
we need to find the coordinates such that ^^z" = and A = 1. We make the following 
ansatz = p^°' Fa{9) {cos ■ipY"' , a = 1,2. Demanding that grz" = gives that the functions 
Fa{9) are of the form Fa{9) = Cq, (cos 6*)'" (cos 20) "2 where are constants. One can 
furthermore infer that A = 1 provided C1C2 = ±1/(^1 Z2 — k2li).: ki + k2 = 3 and h + I2 = 1- 
We choose therefore the coordinates 

1 1 

r = -p^ sin 20 sin , = pcos6'cosV' , -z^ = -p'^ cos 29 (4-4) 

With this choice of coordinates the 6D flat space metric is put in the form ()2.9p . 

We now analyze the domain structure of six-dimensional Minkowski space using the co- 
ordinates (j4.4p . This can be done by analyzing the coordinates z° when r = 0. We find the 
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domain structure 

Wi = ^, D^ = {{z\z')eR'\z'>hz'f} 

W^2 = ^, D, = {{z\z^)eR^\z^<\{z^f] 

We see that Di U D2 = M^. This domain structure is depicted in the top left diagram of 
Figure [TJ We note that in terms of the (/o, 9, ip) coordinates the two domains correspond to 
Di : e = and D2 : ip = 0, IT. 

Building on our parametrization of six-dimensional Minkowski space (|4.4p we can now 
describe the boundary conditions that we wish to impose on six-dimensional asymptotically 
flat space-times. We consider here solutions with p = 3 such that one can write them in the 
form (j2.10p in terms of coordinates {r,z^,z^). We define the asymptotic region in {r,z^,z'^) 
coordinates as L ^ 00 with ^/r/L, [z^Y'/L and z^/L finite or going to zero where L = 
r + (z^)^ + |2^|. In this asymptotic region we require that the metric should asymptote to 
six-dimensional Minkowski space. This means in particular that we require the {r,z^,z'^) 
coordinates to asymptote to Eq. (14. 4p . For the domain structure at r = this means that for 
(z^)^ + ^ 00 we have the two domains ()4.5p . with the border between the domains being 
at the curve = (z^)^/2 up to corrections of order ((z^)^ + 



Schwarzschild-Tangherlini black hole 

The 6D Schwarzschild-Tangherlini black hole has the metric 



f 



1-i 

p3 



with the director cosines given by (j4.2p . We have from (j2.9 



P' 



\f] Pip2 = \/7 sin cos sin ^ = -p^ ^/] sm.{26) sinil) 



(4.6) 



(4.7) 



From this one can easily compute exp(— 4z^) as function of {p,6,ijj). We need to impose that 
Qrza = and A = 1. Make now the ansatz z^ = bi{p) cos9 cos^ and = b2{p)cos29. 
Then grz<^ = is equivalent to 2b[/bi = 62/^2 = 8p'^/(4/9^ — pPq). We therefore get the 
coordinates 



p[l — ) cos 9 cos 



(4.8) 



Comparing this with (j4.4p for six-dimensional Minkowski space we see that we have the right 
asymptotic behavior, as discussed above. One can also compute that A = 1 which indeed is 
guaranteed by Eq. (j2.8p and by choosing the right asymptotics. 

The domain structure for the six-dimensional Schwarzschild-Tangherlini black hole as 
found from the coordinates (j4.7p and (|4.8p is given by 

d 



Wi 



Wo 



d 



-, Di = [{z\z^)^R^\z^>K, z2>l(^i)2| 

z^<{z'f-K^ z'<\{z'f] 



z')G 



d_ 
di 



D2 = {{Z^ 

D:, = [{z\ 



(4.9) 



z')e 



{z^f-K<z^<K] 
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where we defined the constant K = (/9q/2)(3/4)^/^. This domain structure is depicted in the 
middle left diagram of Figure [TJ We note that in terms of the {p,0,tlj) coordinates the three 
domains correspond to Di : 9 = 0, D2 : ip = 0,ir and D3 : p = pQ. 

Myers-Perry black hole 

The six-dimensional Myers-Perry black hole solution is [TU] 

PPo 



i=l i=l 

Here the director cosines are given by (j4.2p and we have 

F{p, p.) = l-J2 ' n(p) = Hip' + ah (4.11) 

The horizon is placed at p = p^ which is defined as the largest real root of the equation 
n(p) = ppI. We find from 1^ 



We make the ansatz 

= 61 (p) cos cos V' , 2^ = 62(/5) cos 20 -|- p(/9) cos^ 6' cos^ i/" (4-13) 

Demanding grz'^ = is equivalent to the equations 

b[ _ 4p2 + 2(af + 4) b^_ V 

bi ~ 4p3 + 2p{al + 4) - p3 ' 62 ~ 4p3 + 2p{aj + 4) - p^ (4_;l4) 

(4p3 + 2p{al + al) - pl)p' - 4{2p^ + aj + al)p = 4a^62 
Imposing the boundary conditions for p ^ 00 we get 

dx 1 

X (4x3 + 2x^2 _ 1) I 



hi{p) = /3exp J - I 

_ 1 „ { {2-AxA^)dx 
^2(p) = ttP exp <^ - / ^ 
^ Jo/ 



(4.15) 



X (4x3 + 2xA2 - 1) J 

with = {a\ + a^)/ p^. Considering the last equation in (|4.14p we see that this is solved by 

P = ^^{hl-2h2) (4.16) 

where we fixed an integration constant by imposing the boundary condition p{p)/b2{p) 
for p — > 00. 

Comparing ()4.13|) . (j4.15p and (j4.16p with (j4.4p for six-dimensional Minkowski space we 
see that we have the right asymptotic behavior, as discussed above. One can compute that 
A = 1 which again is guaranteed by Eq. (j2.8p and by choosing the right asymptotics. 
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For the six-dimensional Myers-Perry black hole we find a domain structure with three 
domains Di, D2 and with corresponding directions 



d d d d d 

Wi = — , W2 = — , W3 = — + ni — -^^2 — 

dcpi 84)2 dt dcpi 84)2 



(4.17) 



We see that while the two first directions correspond to the two rotational Killing vector fields 
the third direction is instead the null Killing vector of the event horizon with the angular 
velocities given by = ai/{af + r^). The three domains are 

Di = [{z\z^) G M^l^i = hi{p)x, = b2{p)+p{p)x\ p > Ph, \x\ < 1} 

D2 = {iz\z^) G M^l^i = biip)y, z2 = 62(p)(2/ - l)+p{p)y\ p > ph, \y\ < l} 

D3 = {iz\z^) G R^\z^ = bi{ph)xy, z^ = b2{ph)i2y^ - l)+p{ph)xV, \x\<l, 0<y<l] 

(4.18) 

This domain structure is depicted in the bottom left diagram of Figure [TJ We note that in 
terms of the (/?, 9, ip) coordinates the three domains correspond to Di : 9 = 0, D2 : ip = 0,Tr 
and D3: p = Ph- 



5 Domain structure of seven dimensional black holes 

In this section we analyze the known asymptotically fiat seven-dimensional exact solutions of 
the vacuum Einstein equations. These are the Minkowski space, the Schwarzschild-Tangherlini 
black hole and the Myers-Perry black hole. They all have four Killing vector fields, which is 
the maximally possible number in seven dimensions. In addition the Killing vector fields obey 
the condition (j2.6p . This means that the metrics can be put in the canonical form ()2.9p with 
p = 4 and n = 3. 

Minkovi^ski space 

The metric of seven-dimensional Minkowski space is 

= _dt'^ + (ip2 _^ p'^{pld4)l + pld4)l + pld4)l + d9'^ + cos^ 9dip'^) (5.1) 
with the director cosines 

pi = sm.9, p2 = cos 9 sin ip , //3 = cos cos (5-2) 
and with the coordinate ranges < 9,1^ < Tr/2. Using (|2.9|) we see that 

r = p piP2fJ'3 = P sin^cos 9 sinip cosip = —p sin^cos 0sin2'(/; (5-3) 

Prom this we get e~^'^ = p"^ cos^ ^[4 sin'^ 9 + cos^ 9 sin^ {2ip)] / 4. In order to fit in the canonical 
form (|2.9p we need to find the coordinates such that g^z'^ = and A = 1. We make the 
following ansatz = p^°' Fa{9) {cos 24^)^" with a = 1,2. Demanding that (7^2" = gives 
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that the functions Fa{6) are of the form Fa{0) = Cq,(cos0)^'°'(3cos^ 6* - 2)^"'" where Ca 
are constants. One can furthermore infer that A = 1 provided 4C1C2 = ibl/(/iA;2 — ^1^2)) 
^1 + ^2 = 4 and li + I2 = 1. We choose therefore the z'^ coordinates 

= pQg2 Q , z'^ = ^p^{3 cos^ 6* - 2) (5.4) 

We now consider the domain structure of seven-dimensional Minkowski space using the 
coordinates (j5.3p and (15. 4[) . This can be done by analyzing the coordinates when r = 0. 
We find the domain structure 




We see that Di U D2 U D3 = M?. This domain structure is depicted in the top right diagram 
of Figure [H We note that in terms of the (pjOjip) coordinates the three domains correspond 
to Di ■.6 = 0, D2 : ■0 = and D-^ : ip = tt/2. The origin of Minkowski space p = is seen 
to be the common intersection point of all of the three domains. This makes sense since the 
origin is the only point which is a fixed point of rotation in all of the three rotation planes. 

Building on our parametrization of seven-dimensional Minkowski space given by Eqs. ()5.3p 
and (|5.4p we can now describe the boundary conditions that we wish to impose on seven- 
dimensional asymptotically flat space-times. We consider here solutions with p = 3 such 
that one can write them in the form (|2.10p in terms of coordinates (r, z^ ,z'^). We deflne the 
asymptotic region in (r, 2:^,2^) coordinates as L — > 00 with r'^^^/L, z^/L and z'^/L flnite or 
going to zero where L = r^l'^ + |zi| + |22|- In this asymptotic region we require that the 
metric should asymptote to seven-dimensional Minkowski space. This means in particular 
that we require the {r,z^,z'^) coordinates to asymptote to Eqs. ()5.3p and (15. 4p . For the 
domain structure at r = this means that for + |2;2| ^ co we have the three domains 
(15. 5p . with the border between the domains being at the curves z'^ = \z ^1/2 and z^ = for 
< up to corrections of order {\zi \ + |2;2|)~^- 

Schwarzschild-Tangherlini black hole 

The 7D Schwarzschild-Tangherlini black hole has the metric 

ds'^ = -fdt'^ + ^ + p'^{fild())l + pld^l+fild(l)l + de^ + cos'^edij^) , / = 1-^ (5.6) 
with the director cosines given by (|5.2p . We get 

= P^\/7/^ 1/^2/^3 = /o^ a// sin 6* cos^ 0sin^/;cos = -p^ \/y sinO cos^ 6sm2^l) (5.7) 

From this one can easily compute exp(— 4i/) as function of (p, ^,0). Make now the ansatz 
z^ = bi{p) cos"^ 9 cos2ip and z'^ = b2{p){3cos^ 6 — 2). Imposing grz" = is equivalent to 
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^'i/fei = ^2/^2 = ^P^ /{^P^ — Po)- We get therefore the coordinates 



1 



^005^0 008 2^ , z"^ = - (^{Scos'^e -2) 

O 41: V O 



(5.8) 



Comparing this with ()5.3p and ()5.4p for seven-dimensional Minkowski space we see that we 
have the right asymptotic behavior, as discussed above. One can compute that A = 1 which 
is guaranteed by Eq. (|2.8p and by choosing the right asymptotics. 

The domain structure for the seven-dimensional Schwarzschild-Tangherlini black hole as 
found from the coordinates (15. 7p and (15. 8p is given by 



Wo 



Wi 
d 

d 



d 



, D2 



, Di = {{z\z^)Ci 



z^ > -Iz^l, > 



2^/6 J 



:z\z')eR' 



Ds = ^{z\z')e 
d 



A 



z^ < 0, z'^ < --z^, Z^ < --Z 
- ' - 2 ' - 2 



(5.9) 



ot 



2' 



^0 < < 



2^6 J 



This domain structure is depicted in the middle right diagram of Figure [TJ We note that in 
terms of the (p, 6, ip) coordinates the four domains correspond to Di ■.9 = 0, D2 : ip = 0, 
D3 : Tp = it/2 and D^i : p = pQ. 



Myers-Perry black hole 

The seven-dimensional Myers-Perry black hole solution is [10 



3 D-3 2 3 

ds^ = -dt" + Y.ip' + al){dp^i + pfd^pi) + [dt - ciipU(t>i ] + 



1=1 



^ (5.10) 



i=l 



with the director cosines given by (j5.2p and we have 



Ti{p)=\{{p' + a 



(5.11) 



The horizon is placed at p = ph which is defined as the largest real root of the equation 
n(p) = pVo- From dZiS]) we find 



n — p'^pq P1P2P3 = ~ P^Po ^™ ^ ^ ^^^■^ 

We use the following ansatz for z" 

= Pa {p) COS^ e COS 2^ (p) (3 cos^ 6* - 2) 

The orthogonality conditions Qrz'^ = are equivalent to the relations 

p{al - al)po, = -3p(2/>2 +al+ a^q^ + (3p4 + 2p^a^ + - p^q'^ 

3p(ai - al)qo, = -p{6p^ + iaj + + ai)p„ + (3^^ + 2p^a^ + - p^p'^ 



(5.12) 



(5.13) 



(5.14) 
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Figure 1: On the left side are shown the domain structures for the six-dimensional Minkowski space 
(top left), the Schwarzschild-Tangherlini black hole (middle left) with = 4/3 and the Myers-Perry 
black hole (bottom left) with = 4/3, ai = 1/4 and 02 = 4/5. On the right side are shown the domain 
structures for the seven-dimensional Minkowski space (top right), the Schwarzschild-Tangherlini black 
hole (middle right) with Po = 6 and the Myers-Perry black hole (bottom right) with = 6, ai = 3/2, 
a2 = 3/4 and 03 = 1/3. 



where we defined for convenience a? = a\ + 02 + a^, = afa^ + ala^^ + a^al and = 
af + a2 + — B'^. From these relations one can infer that pa and qa solve the same second 
order ODE which has the two independent solutions 

F^ip) ^ ^3p4 + 2aV + 5^ - /'^xp |±-^=|L=arctanh(^^^^j | (5.15) 

Write now 

Pa{p) = ptF+{p) +PaF~{p) , Qa{p) = Q^F+ip) + q'F^ip) (5.16) 

One set of constraints on p^ and q^ comes from demanding that and z"^ asymptotes to 
()5.4p for p ^ 00. This can be worked out using that F±{p) ~ VSp^ for p ^ 00. Another set 
of constraints is that the equations (|5.14p should be satisfied. This fixes 
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We furthermore impose that ^ for p ^ oo when 9 = tt/2 and z^|^=o + z'^\tp=TT/2 ~^ for 
/9 — > cxD when 3cos^ 6 = 2. This fixes Zq = —(02 — a3)/6 and Zq = 0. 

Comparing the coordinates ()5.12p - (l5.13p with those of seven-dimensional Minkowski space 
(15. 3p and (15. 4p we see that we have the right asymptotic behavior, as discussed above. One 
can again compute that A = 1 which is guaranteed by Eq. (j2.8p and by choosing the right 
asymptotics. 

For the seven-dimensional Myers-Perry black hole we find a domain structure with four 
domains Di, D2, -D3 and D4 with corresponding directions 

OCpi 0(P2 Cit OCpi OCp2 0(P3 

We see that while the three first directions correspond to the three rotational Killing vector 
fields the fourth direction is instead the null Killing vector of the event horizon with the 
angular velocities given by Qi = ai/{af + r^). The four domains are 

Di = \^{z\z^)eR^\z" = z^+Pa{p)x + qc,{p), p>ph, \x\ <l} 

= [{z\z^)eM.''\z'' = zS+p^{p)y + q^ip){3y-2), p > Ph, < y < l} 

= {iz\z'') G r2|z° = zS-pa{p)y + qa{p){3y -2), p> ph, < y < l} 

[{z\z^)£R^\z^ = z^+Pa{ph)yx + qa{ph){3y-2), \x\<l, 0<y < 1} 



D2 

Z)4 = 



(5.19) 



This domain structure is depicted in the bottom right diagram of Figure [H We note that in 
terms of the {p, 6, ip) coordinates the four domains correspond to Di ■.9 = 0, D2 : = 0, 
: ip = Tr/2 and : p = p^. 



6 Possible new domain structures in six and seven dimensions 

In this section we examine the possible domain structures one can have for asymptotically 
flat solutions in six and seven dimensions with D — 3 commuting linearly independent Killing 
vector fields. We illustrate the domain structure diagrams in a different fashion than in 
Sections [4] and [5] since here we do not care about all details of the domain structure. 

6.1 Six-dimensional asymptotically flat space-times 

We consider here the possible domain structures of asymptotically flat six-dimensional black 
hole space-times with three commuting linearly independent Killing vector fields. 

In the first diagram of Figure [2] we have depicted the domain structure of six-dimensional 
Minkowski space. Here the upper domain has direction d/d(pi and the lower domain direction 
d/d(j)2. These two domains correspond to the set of fixed points of the rotations in two rotation 
planes of six-dimensional Minkowski space. The idea is now to examine all the possible ways 
in which we can put a domain with a time-like direction corresponding to an event horizon 
in this domain structure diagram. We represent the event horizon domain as a filled area. 
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Over this domain is fibred two circles parameterized by the two rotation angles (pi and (1)2 ■ 
The topology of the event horizon is now determined from where these two circles shrink to 
zero at the boundary of the domain. This give rise to three distinct types of event horizons 
corresponding to S^, x or S'^ x S'^ topology as we discuss below. Another possibility 
is that the domain structure do not live in the plane but in a disconnected space. As we 
discuss below this can give rise to an event horizon with x 5*^ topology. 




Figure 2: Domain structure for six-dimensional Minkowski space and four possible domain structures 
for six-dimcnsional asymptotically flat black holes with a single event horizon. 



The first possibility is to put the event horizon domain across the boundary of the two 
rotational domains. This is depicted in the second diagram of Figure [2] where we chose for 
convenience the filled area to have a shape corresponding to an area in between the branches 
of a parabola. We see that the boundary of the domain is divided in two parts, one in which 
the first circle is shrunk to zero, the other in which the second circle is shrunk to zero. This 
corresponds to the topology of a four-sphere. This is shown explicitly in Appendix [Bl From 
comparing with Figure [T] we see that this domain structure indeed is equivalent to those of 
the six-dimensional Schwarzschild-Tangherlini and Myers-Perry black hole. 

The second possibility is to put the event horizon domain away from the curve separating 
the two rotational domains. This gives two possibilities, depending on whether we put it 
above or below. However these two possibilities are equivalent by relabeling the two rotation 
planes. We have illustrated one of the possibilities in the third diagram of Figure [2l In such 
a space-time the event horizon is topologically an x S^. This is seen from the fact that we 
again have two circles fibred over a disc but on the boundary the one parameterized by (pi 
shrinks to zero while the other one is of non-zero size everywhere on the event horizon. As 
shown explicitly in AppendixlBla circle fibred over a disc for which the circle shrinks to zero at 
the boundary of the disc corresponds to a three-sphere topology. Thus, the domain structure 
corresponds to a black ring in six dimensions. Approximate metrics for neutral black rings in 
the ultraspinning regime have been found in \n] and described using the Blackfold approach 
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in [I2]. 

The third possibility is that the event horizon domain is disconnected from the rotational 
domains. This can happen if the event horizon is displaced from the fixed points of rotations 
in both of the rotation planes. In [12] an example of this called a black torus is described 
with X §2 topolo gy using the Blackfold approach again in the ultra-spinning regime. This 
is realized by having the domain submanifold B = U 5^. This is concretely realized as 
having the domain plane parameterized by {z^, z'^) being multi- valued so that for the {z^, z'^) 
values where we have the event horizon domain we have three sheets of the domain plane 
- one sheet corresponding to the domain structure of the six-dimensional Minkowski space 
and the two other sheets disconnected from this being the two sides of a two-sphere projected 
on to a plane, see Appendix |B] for an explicit parametrization of this. In the fourth diagram 
of Figure [2] we have depicted this domain structure where the dashed line represents that the 
event horizon domain is disconnected from the two rotational domains. Clearly a space-time 
with such a domain structure has an event horizon with x S"^ topology, with T'^ = x 
being a rectangular torus, since the two circles do not shrink to zero at any point on the event 
horizon domain. 

Finally, the fourth possibility for a domain structure is depicted in the fifth diagram of 
Figure [21 We see that the event horizon here is shaped as a piece of a ring. The event horizon 
can be seen to have an S'^ x 5^ topology since in the angular direction we have that the (j)2 
circle shrinks to zero in the two ends, while in the radial direction the (pi circle shrinks to zero 
in the two ends. Unlike the three above domain structures we do not have any evidence that 
this domain structure corresponds to a regular black hole space-time. However, numerical 
evidence for a static black hole space-time with this domain structure, though with a conical 
singularity, has been found in [13] . In the Blackfold approach |12j this kind of event horizon 
topology has also been considered in the limit in which one sphere is much larger than the 
other. It was found that the sphere cannot be supported by a single large angular momentum 
in this limit. However, it is conceivable that the solution can be made regular by having two 
angular momenta turned on, one for each sphere. 

Multiple horizons 

It is interesting to consider the combinations one can make of the above domain structures. 
For simplicity we restrict ourselves to the first two possibilities depicted in Figure EJ First we 
can make a Black Saturn, i.e. a black ring with a black hole in the center. This corresponds 
to the domain structure depicted in the first diagram of Figure [3l In five dimensions such 
a solution has been found in [14]. We can also make a di-ring, i.e. two rings which are 
concentric and rotating in the same rotation plane. This corresponds to the domain structure 
of the second diagram of Figure [3j In five dimensions such a solution has been found in [15] . 
Finally we can imagine two bicycling black rings. These rotate in two orthogonal rotation 
planes. This corresponds to the domain structure of the third diagram of Figure [3l In five 
dimensions such a solution has been found in [16| . 
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Figure 3: Three possible domain structures for six-dimensional asymptotically flat black holes with 
two separate event horizons. 

6.2 Seven-dimensional asymptotically flat space-times 

We consider here the possible domain structures of asymptotically flat seven-dimensional black 
hole space-times with four commuting linearly independent Killing vector flelds. 

In the first diagram of Figure H] we have depicted seven-dimensional Minkowski space. 
Here the upper domain has direction d/d(pi, the right domain has direction d/d(p2 and the 
left domain has direction d/d(j)^. These three domains correspond to the set of fixed points 
of the rotations in three rotation planes of seven-dimensional Minkowski space. We now want 
to examine all the possible ways in which we can put a domain with a time-like direction 
corresponding to an event horizon in this diagram. We represent this domain as a filled area. 
Over this domain is fibred three circles parameterized by the three rotation angles (f)i, (j)2 
and (p3. The topology of the event horizon is now determined from where these three circles 
shrink to zero at the boundary of the domain. This give rise to four distinct types of event 
horizons corresponding to the topologies S^, x S^, x 5^ and 5^ x S'^ as we discuss 
below. It is furthermore possible to draw a domain structure that gives rise to a topology 
with identifications of the five-sphere as we describe below. Another possibility is that the 
domain structure does not live in the plane but in a disconnected space. As we discuss 
below this can give rise to an event horizon with T'^ x S'^ topology. 

The first possibility is that the event horizon domain covers the origin of the seven- 
dimensional Minkowski space - i.e. the point belonging to all three rotational domains. This 
is depicted in the second diagram of Figure H] where the filled area for convenience has the 
shape of a triangle. We see that the boundary of the domain is divided in three parts, one for 
each side of the triangle. At each side of the triangle a different circle shrinks to zero. From 
this one can infer that the event horizon has topology of a five-sphere. This is shown explicitly 
in Appendix [BJ Comparing this domain structure with Figure [J we see that it is equivalent to 
those of the seven-dimensional Schwarzschild-Tangherlini black hole and Myers-Perry black 
hole. 

The second possibility is that the event horizon domain crosses one of the curves dividing 
the three rotational domains. This domain structure is depicted in the third diagram of Figure 
SI It gives rise to an event horizon with x topology where the corresponds to the 
(pi circle since that is finite everywhere on the event horizon domain. Instead with respect to 
the (p2 and ^3 circles we see that the boundary of the event horizon domain is divided in two 
parts, one part where the (j)2 circle shrinks to zero, the other where the (j)3 shrinks to zero. 
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Figure 4: Domain structure for seven-dimensional Minkowski space and five possible domain structures 
for seven-dimensional asymptotically flat black holes with a single event horizon. 

As shovi^n in Section 16.11 this corresponds to an 5"^ topology. Thus, this domain structure 
corresponds to a black ring in seven dimensions. Approximate metrics for neutral black rings 
in the ultraspinning regime have been found in [11] and described using the Blackfold approach 
in [12]. 

The third possibility is that the event horizon domain do not cross any of the curves 
dividing the three rotational domains. This domain structure is depicted in the fourth diagram 
of Figure m This corresponds to an event horizon with x topology where the rectangular 
torus = X corresponds to the (p2 and cj)^ circles since they do not shrink to zero on 
the event horizon domain. Instead the (pi circle shrinks to zero on the boundary of the event 
horizon domain hence this gives rise to the part of the topology, as shown in Section [6.11 
Thus, this domain structure corresponds to a so-called black torus which has been described 
using the Blackfold approach in [12| . 

The fourth possibility is that the event horizon domain covers an area in between two of 
the curves dividing the three rotational domains. This domain structure is depicted in the 
fifth diagram of Figure H] with the shape of a piece of a ring. This corresponds to an event 
horizon with x S*^ topology. This is seen from the fact that the boundary of the domain 
is split up in four intervals, each corresponding to a side of the domain, according to which 
circle shrinks to zero. For the upper and lower sides the circle shrinks to zero while for the 
left and right sides either the (1)2 or 03 circle shrinks to zero. This clearly gives an 5^ x 5^ 
topology since when we go from boundary to boundary in the angular direction we go from 
shrinking the (f)2 circle to shrinking the 03 circle, thus giving a three-sphere, and when we go 
from boundary to boundary in the radial direction we shrink the (pi circle at both boundaries 
thus giving a two-sphere. In the Blackfold approach of [12| such an event horizon topology 
has been found in the limit where the S*^ is much smaller than the S^, corresponding to the 
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limit where the upper and lower sides in the fifth diagram of Figure H] are very close. 

The domain structure giving a x S'^ topology is of particular interest since we see 
that it has a finite size domain with a space-like direction. This is very reminiscent of the rod 
structure of the five-dimensional black ring where one has a finite space-like rod. In particular 
this means that the domain structure has two invariants corresponding to the areas of the 
two domains of finite size, as measured using the metric (13. 5p . 

The finite size space-like domain also provide a possible generalization. If we let the 
direction of this finite size domain be 

W=^+q^ (6.1) 

with q an integer, then we see that we have a Lens space L{q, 1) = S^/Ziq when going in the 
radial direction. Instead in the angular direction we still have an in terms of the 4)2 and 
^3 circles. Thus, the topology of the event horizon is now /Xq, which is a five-dimensional 
Lens space. This is reminiscent of what happens for five-dimensional black holes where one 
can get a three-dimensional Lens space by changing the direction of the finite space-like rod 
in the rod structure of the black ring O |T7] . 

Finally, the last possibility considered here is that the event horizon domain is disconnected 
from the rotational domains. Thus the event horizon is displaced from the fixed points of 
rotation in all three rotation planes. This works the same way as in six dimensions. The 
domain submanifold is = U and it can again be viewed as a three-sheeted plane. This 
gives a three-torus topology x S*^, with T"^ = x x a rectangular three-torus, and 
such a black three-torus have indeed been described by the Blackfold approach in [12]. We 
depicted the domain structure in the sixth diagram of Figure |4l 



Multiple horizons 

Just as in six dimensions it is again interesting to consider the combinations one can make 
of the above examples of domain structures for seven-dimensional black holes. Examples of 
this include the seven-dimensional version of the Black Saturn, see first diagram of Figure [5l 
a black hole {S^ topology) with a black torus (T^ x S"^ topology) around, see second diagram 
of Figure [H a black ring (5^ x S'^ topology) with a black torus (T^ x topology) around, see 
third diagram of Figure O and an black hole {S^ topology) with a black three-sphere around 
{S^ X 5^ topology), see fourth diagram of Figure [5l 




Figure 5: Four possible domain structures for seven-dimensional asymptotically flat black holes with 
two separate event horizons. 
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7 Discussion and outlook 



In this paper we have introduced the domain structure for black hole space-times. We have 
shown that the domain structure provides invariants for a given space-time and that these 
invariants therefore can be part of the characterization of the space-time. A natural question 
following this is whether these invariants are enough to give a complete characterization of a 
black hole space-time. 

We first restrict ourselves to solutions of the vacuum Einstein equations, and assume fur- 
thermore that the orthogonality condition (j2.6p is obeyed. For stationary and asymptotically 
flat solutions with [(D — l)/2] rotational Killing vector fields we have the highest number of 
Killing vector fields possible for solutions which are not Minkowski space. It is natural to 
make the following conjecture Q 

Conjecture 7.1 Let two D- dimensional regular and stationary asymptotically flat solutions 
of the vacuum Einstein equations be given, both with a single connected event horizon and 
with [{D — l)/2] commuting rotational Killing vector fields obeying the orthogonality condition 
(|2.6|) . Let the two solutions have the same mass and angular momenta. Assume that the set 
B is connected for both solutions. Then the two solutions are the same if and only if they 
have the same domain structure. □ 

For D = 5 this is shown to be true [5] following the uniqueness hypothesis of [3]. However, 
for D > 5 it is clear that one cannot apply the techniques used for D = 4, 5. The problem 
is that the metric gab on Mn is not decoupled from the Killing vector metric Gij in the 
Einstein equations. Thus, when given two solutions with the same domain structure they 
will, generically, have both two different Gij metrics as well as two different gab metrics. This 
means proving a uniqueness theorem is a considerably more challenging task than for D = 5 
where it was enough to generalize the methods introduced for D = 4 \18\ [5] . 

Consider now the general case, i.e. without the orthogonality condition ()2.6p or restrictions 
on what matter fields are present. Here we observe that the domain structure in general is 
not enough to fully characterize a solutions. To see this we can use a lesson from the paper 
|19j where a ring with a dipole charge was found. This gives infinite non-uniqueness of the 
solution since the ring carries no net charge, as measured at infinity. Clearly the domain 
structure cannot carry information on the dipole charge thus it is evident that one needs to 
supplement the domain structure invariants with information about locally measured charges, 
such as the dipole charge (see |20j for a general exposition on dipole charges and other local 
charges). It would be very interesting to pursue this problem further to find a general way 
to specify the dipole charges - as well as other types of local charges - for the event horizon 
domains. Combined with the domain structure this could lead to a full characterization of 
asymptotically fiat black hole space-times with [(D — l)/2] rotational Killing vector fields. 

Another direction which is interesting to consider is asymptotically flat solutions with less 
than [(D — 1) /2] rotational Killing vector flelds. As an example we can take the case of D = 5. 

''Note that we added an assumption on connectedness of B since it is unclear whether the domain structure 
contains enough information to parameterize a situation with disconnected B. 
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Consider a stationary, but non-static, black hole. Write the null Killing vector of the event 
horizon as 

d d d 

Then we know from the Rigidity theorems of [8J that is a Killing vector field of the space- 
time. Thus, the space-time have the two Killing vector fields 

d d d 

with Qi/i72 = p/l- We observe now that we can assume p and q to be relatively prime 
numbers since V(i^ should generate a U{1). In other words Vti/Vt2 is a rational number. One 
can now proceed with finding the domain structure of the solution. 

Another interesting direction to pursue is to consider the various possible domain struc- 
tures of solutions with black holes attached to Kaluza-Klein bubbles for space-times which are 
asymptotically Kaluza-Klein space M^'^^^^*? x T'^. As explored via the rod structure in [21] 
for asymptotically M^'^ x 5^ and M^'^ x 5"^ space-times solving vacuum Einstein equations, 
this could lead to interesting new possibilities for event horizon topologies. 

We remark that the vacuum Einstein equations for solutions with D — 2> Killing vector 
fields have an enhanced symmetry, following the construction ^2]. The vacuum Einstein 
equations can be written as a three-dimensional sigma-model with the target space being an 
SL{D — 2,M) group manifold. This is relevant for asymptotically flat solutions of vacuum 
Einstein equations in six and seven dimensions. It would be interesting to understand if one 
can find similar hidden symmetries in the Einstein equations for less number of Killing vectors. 
This could potentially lead to algebraic solution generating techniques for D > 5 similar to 
the one proposed in [23] for I? = 5. 

Finally, as remarked previously, the domain structure can be generalized to black hole 
space-times which are not asymptotically flat, including asymptotically Anti-de Sitter space- 
times. This will be considered in a future publication [9]. 
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A Einstein equations for space-times with Killing vector fields 

In this appendix we give first a general expression for the Ricci tensor for D-dimensional 
space-times with p commuting Killing vector fields. We then use this to write down the 
vacuum Einstein equations for D-dimensional space-times with p commuting Killing vector 
fields. Finally we examine under which conditions the metric can be written in a block 
diagonal form with the Killing part of the metric being orthogonal to the rest of the metric. 
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Ricci tensor for space-times with Killing vector fields 

We consider here a given D-dimensional manifold Md with a metric with p commuting 
linearly independent Killing vector fields V(j), i = 0,1, ...,p — 1. Define n = D — p. We can 
always find a coordinate system x^,x^, ...,xP~^,y^, ...,?/" such that in this coordinate system 
the Killing vectors are of the form (j2.ip and the metric is of the form (j2.2p . where Gij, A\ 
and Qab only depend on y". Define = | detGi^ l, ~g = \ dei~gab\ and F^^ = daA\^ - d^A^^. The 
components of the Ricci tensor are 

Rij = - l^ad'^G,, - ^da{logK + log ^)d''Gij + ^d'^GikG^'dbGij 

+ \G,,Gjir9''F^,F!,, (A.l) 
R,a = R^JAi + -^g^,d4Ky^G,fg'TFi) (A.2) 

Rab = - R^,KK + RiaAl + R^bA\ - ^~g<^dG,,F^,Fi 



bd 



+ Rab - DaDb log - ^ T,{G-^daGG-^dbG) (A.3) 



with DaDb log K = dadh log K — f ^(,9c log K where f is the Christoffel symbol as computed 



from the gab metric. Define {GaYj = G'^^daGkj- We can write the vacuum Einstein equations 



R^u = as 



daiKy^r'iCbYj) = iKy^F^.G^.r-g'^F^d (A.4) 
daiKy^Gi.rf^F^J = (A.5) 

^Tt{GaCb) + DaDblogK + ^i 



Rab = - TviGaCb) + DaDb log K + -g-^GijFl^Fji^ (A.6) 



Results on mixed part of metric solving vacuum Einstein equations 

We examine in this section under which conditions one can turn off the A^^ fields in the 
general expression for a metric (j2.2p solving the vacuum Einstein equations ()A.4p - ()A.6p . The 

field corresponds to the mixed part of the metric (|2.2p having indices both in the and 

directions. 

Theorem A.l Consider a solution of the vacuum Einstein equations with p commuting 
Killing vector fields V(^i), i = 0,1, ...,p - 1. If the tensors T^(o']V('^^ • • • F^J^^^D^^F^^} = for 
all i = 0,1, ...,p — 1 then we can find coordinates such that the metric is of the form 

ds"^ = Gijdx^dx^ + gabdy^dy^ (A.7) 

with the Killing vector fields given by Eq. (j2.ip . 

Proof: Define the one-forms Qi = g^yV^-j for i = 0,1,. ..,p — 1. These one-forms span a 
p-dimensional linear space T* . Since ^(q^^^^i) ■ ■ ■ = we see that ^^^^ A ^^^^ A 

• • • A = for all i = 0,1, ...,p — 1. This means that for any ^ ^ T* we can find one- 
forms i = 0,1, ...,p — 1, such that d^ = X^f^g '^^^^ ^ Consider now the n = D — p 
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dimensional tangent space at each point defined by being orthogonal to all one-forms in T* . 
From Frobenius' theorem we get that this collection of tangent spaces admits integrable n- 
dimensional submanifolds. Hence we can find coordinates such that the metric is of the form 
dAH). □ 

To get another perspective on Theorem lA.ll we introduce for a given solution of the 
vacuum Einstein equations with p commuting Kilhng vector fields V(j) the {n — 2)-forms Bi, 
i = 0,1, ...,p — 1, as 

= ^/5eMi-Mn-..i-.pP<x^(o)^(?) • • • ^(^i)^'^(T) (A.8) 

where the e is the D-dimensional e symbol and g is the numerical value of the determi- 
nant of the Z)-dimensional metric. In the {x^,y'^) coordinates of Eq. ()2.2p we see that 
the iJ,j indices only can take values in the y"" directions. We compute now (-Bi)ai --a„_2 = 
^Ky/g eaj^...a^_2bcg'"^g'^'^GijF^^ where the e is the n-dimensional e symbol and where aj,b,c = 
1, n. From this we see that vf^^^'Vfl'^ ■ ■ ■ ^(p^ij-D'^V'^^} = if and only if F^^ = 0. Therefore 
Theorem |AT] tells us that if F*j, = then we can find a gauge transformation such that 
A\ = 0. This is already clear locally but Probenius' theorem ensures that it is also true 
globally. Another important property of the (n — 2)-forms Bi is the following, which follows 
from the above and Eq. ()A.5|1 . 

Lemma A. 2 Consider a solution of the vacuum Einstein equations withp commuting Killing 
vector fields V(j), z = 0, 1. Then the (n — 2) -forms defined in (jA.SP are closed dBi = 0. 

□ 

Using this lemma we can prove the following theorem 

Theorem A. 3 Consider a solution of the vacuum Einstein equations with D — 2 commuting 
Killing vector fields V(j), i = 0,1, D— 3. If the tensor V^q-I'VI^^ ■ ■ ■ ^('D^3)-^'^^(i) ~ ^ vanishes 
at at least one point of the manifold for any given i = 0,1,2, D — 3 then we can write the 
metric of the solution in the form ()A.7p with the Killing vector fields given by (j2.ip . 
Proof: This follows from Theorem \A.l\ and Lemma \A . S\ since in this case Bi are scalar fields 
and hence it follows from dBi = for any given i = 1,2, D — 2 that Bi is constant on the 
manifold. □ 

This theorem is due to Wald in his book [24] and has been generalized to any dimension 
by Emparan and Reall in [4J. Thus for p = L> - 2 it is enough that V^I^^^Vf^^ ■ ■ ■ ^('^''jg' -D'^V^^} 
vanishes at single points for getting the form ()A.7p of the metric. Instead for p < D — 2 we 
cannot write a generic solution of the vacuum Einstein equations with p commuting Killing 
vector fields in the form ()A.7p . 

B Parameterizations of topologies from domain structure 

We consider the topologies that one can infer from a number of circles fibred over a domain 
such that the circles shrinks to zero at different points on the boundary of the domain. 
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Four-sphere topology: We consider here two circles parameterized by and ^2 fibred 
over a domain with the shape of the area between the two branches of a parabola taken here 
to be z'^ = {z^)^ and furthermore z^ < 1. Write the embedding of a four-sphere as 

+ ix'^ = sin 9e''f'^ , + ix'^ = cos 6 sin V'e^'^^ ^ ^5 ^ 6' cos V' (B. 1) 

where < ^ < 7r/2 and <tp <-!:. We then parameterize the domain as 

z^ = cos 9 cos tjj , z^ = cos^ 9 (B.2) 

We see that the 0i circle shrinks to zero for the part of the boundary where z^ = 1 while the 
(f)2 circle shrinks to zero for the part where 

Three-sphere topology: We consider here a circle parameterized by 01 fibred over a 
domain with the shape of a disc (-z^)^ + {z^)"^ < 1. Write the embedding of a three-sphere as 

x^ + ix'^ = cos 9e''f'' , x^ + ix^ = sin Oe''*' (B.3) 

where < 9 < tt/2. We then parameterize the domain as 

z^ = sin cos , z'^ = sin sin (B.4) 

We see that the circle shrinks to zero at the boundary of the disc corresponding to 9 = it [2 
while in the center of the disc the 4> circle shrinks to zero. 

Two-sphere topology: We consider here a domain with the shape of a disc {z^ — Zq)^ + 
{z^ — ZqY < 1- Write the embedding of the two-sphere as 

x^ + ix'^ = cos 9e''^ , x^ = sin 9 (B.5) 

where < 9 <7r. We then parameterize the domain as 

z^ = Zq + cos9cos4> , z'^ = Zq + cos 9 sin (f) (B.6) 

This domain has two sheets: One sheet corresponding to < ^ < 7r/2 (i.e. when x^ > 0) and 
the other corresponding to 7r/2 < 9 < tt (i.e. when x^ < 0). 

Five-sphere topology: We consider here three circles parameterized by (pi, (p2 and ^3 
fibred over a filled triangle — 1 < < |. Write the embedding of the five-sphere as 

+ ix^ = sin 6'e*'^! , x^ + ix^ = cos 9 sin V'e*'^^ ^ ^5 _^ ^^6 ^ q ^^i4>z (g j) 

where < ^jV' < 7r/2. We then parameterize the domain as 

3 

= cos^ 6* cos 2^^ , z^ = -cos^6'-l (B.8) 

We see that the (pi circle shrinks to zero at the side of the triangle with z^ = ^. Instead the 
02 circle shrinks to zero at the side with z^ = ^z^ — 1 while the 03 circle shrinks to zero at 
the side with z"^ = —^z^ — 1. 
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